Abstract: An R-space is a compact homogeneous space obtained as an orbit of the isotropy representation of a Riemannian symmetric space. It is known that each R-space has the canonical embedding into a Kähler C-space as a real form, and thus a compact embedded totally geodesic Lagrangian submanifold. The minimal Maslov number of Lagrangian submanifolds in symplectic manifolds is one of invariants under Hamiltonian isotopies and very fundamental to study the Floer homology for intersections of Lagrangian submanifolds. In this paper we show a Lie theoretic formula for the minimal Maslov number of R-spaces canonically embedded in Einstein-Kähler C-spaces, and provide some examples of the calculation by the formula.
Introduction
The minimal Maslov number of a Lagrangian submanifold in a symplectic manifold is one of invariants under Hamiltonian isotopies and very fundamental to study the Floer homology for intersections of Lagrangian submanifolds, especially monotone Lagrangian submanifolds ( [9] ). It is known that any compact minimal Lagrangian submanifold of an Einstein-Kähler manifold with positive Einstein constant is monotone ( [4] , [13] ) and a nice formula of minimal Maslov number for a monotone Lagrangian submanifold of a simply connected positive Einstein-Kähler manifold was shown by H. Ono [13] .
The R-space is a compact homogeneous space obtained as an orbit of the isotropy representation of a Riemannian symmetric space. It is known that each R-space can be canonically embedded into a Kähler Cspace as a real form which is by de nition the xed point subset of an anti-holomorphic involutive isometry. R-spaces constitute a nice class of compact embedded totally geodesic Lagrangian submanifolds of Kähler manifolds. Any R-space can be canonically embedded in an Einstein-Kähler C-space and particularly it is a compact embedded monotone Lagrangian submanifold.
Y.-G. Oh has worked on the Floer homology of (CP n ; RP n ) ( [10] ) and that of real forms of Hermitian symmetric spaces of compact type ( [11] ), which are nothing but canonically embedded symmetric R-spaces. Recently the intersection theory and Floer homology for two real forms of Hermitian symmetric spaces of compact type are intensively studied by [22] , [6] , [19] , [20] , [21] , and more recently its generalization to general R-spaces is discussed in [7] , [5] .
The purpose of this paper is to provide a Lie theoretic formula (see Theorem 3.1) for the minimal Maslov number of R-spaces canonically embedded in Einstein-Kähler C-spaces and to discuss some examples of the calculation by our formula. This paper is organized as follows: In Section we recall basic de nitions and related properties for the minimal Maslov number and the monotonicity of Lagrangian submanifolds in symplectic geometry and the formula of H. Ono for monotone Lagrangian submanifolds of Einstein-Kähler manifolds. In Section we explain the construction of the canonical embedding of an R-space into a Kähler C-space from a given compact Riemannian symmetric pair. We describe the induced invariant symplectic structure, complex structure and Kähler structure and related properties. The canonical embedding of an R-space into an Einstein-Kähler Cspace is characterized in terms of the root system. In Section as a main theorem we show the Lie theoretic formula for minimal Maslov number of R-spaces canonically embedded in Einstein-Kähler C-spaces. In Section we provide some examples calculated by that formula, including a list of the minimal Maslov number for all irreducible symmetric R-spaces canonically embedded in Hermitian symmetric spaces of compact type. More related examples will be discussed in the forthcoming paper.
Minimal Maslov number of Lagrangian submanifolds in symplectic manifolds
Let (M, ω) be a symplectic manifold of dimension n with a symplectic form ω. A smooth immersion (resp. embedding
Let L be a Lagrangian submanifold immersed in a symplectic manifold (M, ω). De ne two kinds of group homomorphisms
Let D be a unit closed disk of R with the boundary ∂D = S . For a smooth map u :
, choose a trivialization of the pull-back bundle as a symplectic vector bundle (which is unique up to the homotopy) u
This gives a smooth mapũ : S = ∂D → Λ(C n ). Here Λ(C n ) denotes the Grassmann manifold of Lagrangian vector subspaces of C n . Using the Moslov class µ ∈
is invariant under symplectic isotopies and I ω,L is invariant under Hamiltonian isotopies but not invariant under symplectic isotopies. 
? L Lag.
and E is equipped with a U( )-connection such that γ ω = c (E, ∇) for some γ > .
R-spaces canonically embedded in Einstein-Kähler C-spaces
In this section we review fundamental geometric properties on R-spaces and their canonical embeddings into Kähler C-spaces. We use some related arguments and notations from [2] , [14] , [15] , [16] , [17] , [18] and so on. Let (G, K, θ) be a Riemannian symmetric pair with an involutive automorphism θ. Suppose that G is a connected compact Lie group with Lie algebra g and K is a connected compact Lie subgroup of G with Lie algebra k. We choose an AdG-and θ-invariant inner product , of g and extend it to g C . We begin with the preparation of the Lie algebraic setting related to R-spaces. Let g = k + p be the canonical decomposition of g with respect to (G, K, θ). Let a be a maximal abelian subspace of p. Choose a maximal abelian subalgebra t of g containing a. Then we know that
and t is invariant by θ. Let ( , ) denote an inner product of t which is a restriction of , to t. The root space decomposition of g C with respect to t is given as
where
and Σ(g) ⊂ t denotes the set of all roots of g C with respect to t. Set
We de ne an involutive orthogonal transformation σ ∈ O(t) by
Note that −σ = θ| t . We choose a σ-order > on t, that is, a linear order of t lexicographical along a and b, so that if α ∈ Σ(g) \ Σ (g) and α > , then σα > and thus θα = −σα < ( [14] ). Set
We x an arbitrary element H ∈ a of a. Set
Denote by g H and k H Lie algebras of G H and K H , respectively. It is well-known that G H is always connected.
De nition 2.1. The compact homogeneous space L := K/K H is called an R-space, and it has the standard imbedding
If H is a regular element of a, then L = K/K H is called a regular R-space. Set another compact homogeneous space M := G/G H , which is called a generalized ag manifold or Kähler C-space, and it also has the standard imbedding into g
As mentioned in the next section it is known that M = G/G H admits G-invariant Kähler metrics. We can regard each Kähler C-space M = G/G H as an R-space ∆G/∆G (H,−H) associated to a compact symmetric pair (G × G, ∆G).

De nition 2.2. The canonical embedding of K/K H into G/G H is a smooth map de ned by
We take the orthogonal direct sum decompositions of g and k as
Thus we have an orthogonal direct sum decomposition of g as
For such H, we de ne a skew-symmetric bilinear form ω H on g by
Then it induces a G-invariant symplectic form on M = G/G H , which is denoted also by ω H , and ω H has expression
Hence we know that
is a Lagrangian embedding with respect to ω H .
which is equivariant with respect to the Lie group automorphism θ : G → G in the sense that
De ne the xed point subset of M byθ H as
which is a connected component of Fix(M,θ H ). We give attention to the moment maps of the actions of G and K on G/G H relative to ω H . The natural left action of G on a symplectic manifold (M = G/G H , ω H ) is Hamiltonian with the moment map
Moreover the natural left action of K ⊂ G on a symplectic manifold (M = G/G H , ω H ) is also Hamiltonian with the moment map
Here
The relations of the anti-symplectic involutionθ H and the moment maps µ G and µ K are as follows:
It follows from Proposition 2.3 that
Proof. For any point aG H ∈ G/G H we have
Since 
By the action of the Weyl group W(G, K) = N K (a)/C K (a), we may assume that H ∈ a ⊂ t satis es
We describe an invariant complex structure on G/G H corresponding to H. The Lie algebra g H of G H is nothing but the centralizer cg(H) of g to H. By the maximality of t the center c(g H ) of g H satis es the inclusions
Then using the root decomposition we express their complexi cations as follows:
Then we see that
are invariant under AdG H , respectively. Thus we can de ne a G-invariant complex structure J H on G/G H such that
We observe that if
Here note that −θα = σα > and thus (−θα, H) = (σα, H) = (σσα, σH) = (α, H) > . Hence we get Lemma 2.2. Moreover ω H becomes a (− )times Kähler form with respect to the invariant complex structure J H , because of (H, α) > for α ∈ Σ + (g) \ Σ H (g), and the corresponding G-invariant 
be the fundamental root system of g with respect to the σ-order <. Set
For the above H, set
Note that Π ⊂ Π H and thus
be the fundamental weight system of g corresponding to Π de ned by
Then we have
where Z ≥ denotes the set of all nonnegative integers. Then we have
Note that Σ (g) ⊂ Σ H (g) and thus
Then we have g
Now we set
Then Zc H ⊂ c H and c H coincides with the center c(g H ) of g H . De ne
where R ± , R + and Z + denote the sets of all nonzero real numbers, all positive real numbers and all positive integers, respectively. Note that H ∈ c
and thus g ξ = g H . By the connectedness of G ξ and G H , we obtain
From now we assume that G is semisimple. Let G be the universal covering group of G, that is, a connected simply connected compact Lie group with Lie algebra g, and ϕ : G → G be the universal covering map which is a surjective Lie group homomorphism. SetG H := ϕ − (G H ). Then we know thatG H is also a connected compact Lie subgroup of G with Lie algebra g H and we have a natural di eomorphism
Let K be a connected compact Lie subgroup of G with Lie algebra k.
Then K is the identity component of ϕ − (K) and we have natural covering maps ϕ :
Let T be the maximal torus of G with Lie algebra t. Then we have
We know the following diagram of linear isomorphisms and Z-module isomorphisms: 
is a linear isomorphism and there is a linear isomorphism
for λ ∈ c H . Moreover we know that the linear isomorphism
is restricted to a Z-module isomorphism
Then it holds 
We use the following results due to Borel-Hirzebruch and M. Takeuchi.
Lemma 2.3 ([2])
.
and it corresponds to the rst Chern class of the complex manifold (M, J H ):
Proposition 2.7 ([17]). The G-invariant Kähler metric g
= g π √ − λ
on M is Einstein if and only if λ = b δm for some b > .
Since θ(g H ) = g H and thus θ(c(g H )) = c(g H ), note that we have a direct sum decomposition
Then we show
Lemma 2.4.
δm ∈ a.
Proof. We compute
Therefore we obtain 
By the above argument we can choose H
embedding of an R-space into an Einstein-Kähler C-space.
} are relatively prime and we have expression
Then the invariant γc in Proposition 1.2 is given as follows:
Since {κ i } are relatively prime, it attains α i ∈Π\Π H κ i m i = for some integers {m i }. Hence the positive minimum γc of c (M)(A) is equal to κ(M).
Minimal Maslov number of R-spaces
Suppose that H = H ein = δm. Then, as discussed in the last section, the corresponding canonical embedding
is a compact totally geodesic Lagrangian submanifold embedded in an Einstein-Kähler C-space and thus it is monotone by Proposition 1.1. By means of the formula (1.1) in Proposition 1.2, we shall calculate the minimal Maslov number Σ L of such an R-space.
We take an orthogonal direct sum decomposition of g H into ideals as follows:
Let G H be a connected compact Lie subgroup of G H with Lie algebra g H . Then G/ G H is a simply connected compact homogeneous space with the natural projection 
It is a G-homogeneous principal ber bundle
Let E be the complex line bundle over M dual to the associated bundle ?
The Lagrangian property of ι : L → M is equivalent to the atness of the pull-back connection of the pullback principal bundle
respect to the at connection. The image of the holonomy homomorphism ρ : π (L) → U( ) ∼ = G H / G H of the at connection is isomorphic to K H / K H , which must be a cyclic group of nite order ( K H / K H ) and the pull-back at connection of the pull-back principal bundle of ι − P over through the covering mapL → L is trivial. Therefore, since ι − E has the holonomy group equal to a cyclic group of order ( K H / K H ), we obtain
We also observe thatL = K/ K H −→ G/ G H = P is a compact totally geodesic Legendrian submanifold embedded in a Sasakian contact manifold G/ G H = P. Therefore by (2.13) and (3.1) we obtain 
Some examples
In this section we use some notations from the table of root systems in [3] .
. G = G = SU(n + ),K = K = SO(n + ), θ(A) =Ā (A ∈ SU(n + ))
Here Sym (R n+ ) denotes the vector space of all traceless real symmetric matrices of degree n + .
. . The case when L = RP n and M = CP
with ξ > ξ , we have
Thus we have κ(M) = n + . Choose
Therefore by formula (3.2) we obtain Σ L = (n+ ) = n + .
. . The case when L is a regular R-space
For a regular element . The case when L is a symmetric R-space 
